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Abstract

Let Sd� 1 :=
n

(x1; � � � ; xd) 2 Rd : x2
1 + � � � + x2

d = 1
o

be the unit sphere of

the d-dimensional Euclidean spaceRd equipped with the usual rotation invariant

measured� (x). The thesis concerns mainly with the following three problems on

the approximation of functions onSd� 1: the asymptotic orders of the Kolmogorov

and the linear widths of some function classes onSd� 1; the realizations of the K-

functionals on Sd� 1; the strong approximation by the Ces�aro means of the Fourier-

Laplace series. It is divided into four chapters.

Chapter 1 deals mainly with the orders of the Kolmogorov widt hs

of some function classes. Two main results are obtained in this chapter. Their

proofs are based on two important inequalities, which are ofindependent interest.

Statement of the �rst main result. Given r > 0, let B r
p denote the class of

functions f on Sd� 1 representable in the form

f (x) =
Z

Sd� 1
' (y)Fr (xy) d� (y); k' kp � 1;

where

Fr (xy) =
1X

k=1

(k(k + d � 2))� r
2
�( d� 2

2 )(k + d� 2
2 )

2�
d
2

C
( d� 2

2 )
k (xy);

and theC
( d� 2

2 )
k 's are the ultraspherical polynomials. For 1� p; q � 1 , let dN (B r

p; Lq)

denote the KolmogorovN -width of B r
p in Lq. The asymptotic orders ofdN (B r

p; Lq)

for 1 � p < q � 2 and for 1 � p = q � 1 were found by Kamzolov [Ka1]-[Ka3]

in 1982{1989. Since then very few results in this direction had been obtained. Our

result is

Theorem 1 For r � 2(d � 1)2,

dN (B r
p; Lq) �

8
<

:

N � ( r
d� 1 � 1

p + 1
2 ) ; if 1 � p � 2 < q � 1 ;

N � r
d� 1 ; if 2 � p < q � 1 :
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(The condition on r may be weakened somewhat, but at the cost of greatly increased

computation.)

This result extends the well known Kashin theorem on the asymptotic orders of the

Kolmogorov widths of the Sobolev classes in one variable.

Statement of the second main result.The second result is on the orders of the

Kolmogorov widths of the function classB r
p on the product spheresSd� 1;n . Given a

positive integern, let Sd� 1;n = Sd� 1 � � � � � Sd� 1 (n times) denote the product space

equipped with the usual Lebesgue measured� (z) = d� (z1) � � � d� (zn ). For a vector

r = ( r 1; � � � ; r n ), let B r
p (1 � p � 1 ) be the class of functions representable in the

form

f (z1; � � � ; zn ) =
Z

Sd� 1;n
' (y1; � � � ; yn )Fr (z1y1; � � � ; znyn) d� (y1); � � � ; d� (yn); k' kp � 1;

where

Fr (z1y1; � � � ; znyn ) =
X

k2 Zn
> 0

nY

j =1

(kj (kj + 2� )) �
r j
2

�( d� 2
2 )(kj + d� 2

2 )

2�
d
2

C
( d� 2

2 )
k j

(zj yj );

and zj ; yj 2 Sd� 1; j = 1; � � � ; n: We assume

0 < r = r1 = � � � = r v < r v+1 � � � � � rn :

For 1 � p; q � 1 , as before, denote bydM (B r
p; Lq) the Kolmogorov M -width of B r

p

in Lq(Sd� 1;n ). With these notations, our next result can be stated as follows.

Theorem 2 Let 1 < p � 2 � q < 1 and r > (d � 1)2. Then

dM (B r
p; Lq) � M � r

d� 1 + 1
p � 1

2

�
logM

� v� 1
:

In the cased = 2, Theorem 2 was due to Temlyakov [Tem, 1986].

Statements of the two important inequalities.The proofs of Theorems 1 and

2 are based on the following two types of inequalities: the weighted Marcinkiewitz-

Zygmund inequality for the spherical harmonics; the weighted Kashin type inequal-

ity for the Kolmogorov widths of the unit Euclidean ball. These inequalities are of

independent interest.

For a non-negative integerk, let � k denote the set consisting of the restriction

to Sd� 1 of all algebraic polynomials ind variables of total degree not exceedingk.

The �rst type of inequality ( M-Z inequality) can be stated as follows.

11



Theorem 3 ( M-Z inequality.) There exist mN = (4 N + 1)(2 N )d� 2 points

� N; 1 ; � N; 2 ; � � � ; � N;m N
on Sd� 1 such that for anyf 2 � 4N

Z

Sd� 1
f (x) d� (x) =

1
mN

mNX

k=1

wN;k f (� N;k );

where the weightsf wN;k g satisfy the following two conditions:

0 < w N;k � 1; w� 1
N;k

� CdN (d� 2)2
;

1
mN

mNX

k=1

�
wN;k

� t
�

8
>>>>><

>>>>>:

Cd; if t > �
1

d � 2
;

Cd logN; if t = �
1

d � 2
;

CdN � (d� 2)2 t � 1; if t < �
1

d � 2
:

Furthermore, if f 2 � N and 1 � p � 1 , then

� Z

Sd� 1
jf (x)jp d� (x)

� 1
p �

� 1
mN

mNX

k=1

wN;k jf (� N;k )jp
� 1

p :

An incorrect proof of the M-Z inequality was presented in [Ku, 2000].

To state the second type of inequality, we have to introduce some necessary

notations. For a vectorw = ( w1; � � � ; wm ), denote by `m
p;w the m-dimensional space

of vectorsx = ( x1; � � � ; xm ) with the norm

kxkp;w =
� mX

i =1

jx i jpwi

� 1
p ; 1 � p < 1 ; kxk1 ;w = max

k
jxk j:

Let

bm
p;w := f x 2 `m

p;w : kxkp;w � 1g

be the unit ball of `m
p;w and dn (bm

p;w; `m
q;w) the Kolmogorov n-widths of bm

p;w in the

metric `m
q;w. We say a vectorw = f wi gm

i =1 is with the Kashin type property if it

satis�es the following two conditions simultaneously:

0 < w i � 1; w� 1
i � C1ma; i = 1; � � � ; m; (9)

1
m

mX

k=1

(wk)t � C1; for any t � � �; (10)

12



wherea and � are some positive constants,C1 > 0 is independent ofm. Let us call

the in�mum over the constants C1 on the right-hand side of (9) and (10) theKashin

constantof w.

Now the second type of inequality can be stated as follows.

Theorem 4 ( Weighted Kashin type inequality.) Supposew is a vector with

the Kashin type property. Then for1 � n � m,

dn (bm
2;w ; `m

1 ) � C2

� m
n

� �
2(1 � � ) n� 1

2

�
1 + log

m
n

� 1
2(1 � � ) ;

where� = 1
1+ � 2 (0; 1) and the constantC2 > 0 depends only on the Kashin constant

of w rather than on the vectorw itself.

Obviously, the well known Kashin inequality corresponds tothe limiting case

� = 1 of Theorem 4.

Organization of Chapter 1. In Section 1.1, we give two counterexamples, which

state that the Marcinkiewicz-Zygmund type inequality with equal weights for the

multi-dimensional sphere is generally not true, which, in turn, shows that the proof

in [Ku] is incorrect. The M-Z inequality and the weighted Kashin type inequality

are established in Sections 1.2 and 1.3 respectively. Theorems 1 and 2 are then

proved in Sections 1.4 and 1.5 respectively by applying the standard discretization

technique.

Chapter 2 deals with the orders of the linear widths of B r
p in Lq. It

contains one main result, whose proof is based on an inequality for the ultraspherical

polynomials, which is of independent interest.

Statement of the main result. For a non-negative integerk, let H d
k denote

the space of spherical harmonics of degreek. De�ne the linear spherical harmonic

width � SH
m (B r

p; Lq) by

� SH
m (B r

p; Lq) := inf
T 2 Gm

sup
f 2 B r

p

kf � T(f )kq;

where

Gm =
n
T : T is continuous, linear onLq(Sd� 1) and there is

a vector spaceL 2 L m for which T(Lq) � L
o

;

13



and
Lm :=

n� M

k2 A

H d
k

�
: A is a �nite set of non-negative

integers for which dim
� M

k2 A

H d
k

�
� m

o
:

As is easily seen, in the special cased = 2, � SH
m (B r

p; Lq) returns to the well

known trigonometric width of the Sobolev class on the unit circle, for which the

asymptotic orders for all 1� p � q � 1 are known, due to the work of Makovoz

[Mk, 1984], Maiorov [Mr2, 1986] and Belinskii [Be3, 1987]. However, for general

d � 3, there are some essential di�culties in this problem. To the best of our

knowledge, so far very few results in this direction had beenobtained. Our main

result partly answers the problem. We state it as follows.

Theorem 5

� SH
m (B r

p; Lq) �

8
>>>>>>><

>>>>>>>:

m� r
d� 1 + 1

2 ; for p = 1; 2 � q � 1 ; r > d(d� 1)
2 ;

m� r
d� 1 + 1

2 ; for 1 � p � 2; q = 1 ; r > d(d� 1)
2 ;

m� r
d� 1 + 1

p � 1
2 ; for 1 � p � 2 � q < 2(d� 1)p

dp� 2 ; r > d � 1;

m� r
d� 1 + 1

2 � 1
q ; for 2(d� 1)q

dq� 2 < p � 2 � q � 1 ; r > d � 1:

An inequality for the ultraspherical polynomials. For � > 0, let f C �
k g1

k=0 be

the sequence of ultraspherical polynomials, whose precisede�nition can be found in

[Sz]. The following inequality plays a crucial role in the proof of Theorem 5.

Theorem 6 Suppose0 < � < 1 and TN (t) =
NX

k=0

ckC �
k (t) is an algebraic polyno-

mial of degree not exceedingN . Then for 2 � p � 1 and 1 � M � N , there exists

a polynomial representable in the form

T� M
(t) =

X

k2 � M

bkC �
k (t)

with � M � [0; 2N ]; j� M j = M , such that

kTN (t)� T� M
(t)kp � C(p; � ) max

n� N
M

� 1=2
;

� N
M

� (1� 2
p )( � +1 =2) �

log(1+
N
M

)
� � (1� 2

p )o
kTN (t)k2;

here the norms are computed with respect to the measure(1 � t2)� � 1=2 dt:

14



In the case of trigonometric polynomials ( corresponding tothe limiting case

� = 0 here), Theorem 6 was due to Makovoz [Mk, 1984] for 2� p < 1 and

Belinskii [Be1, 1998] forp = 1 . It should be pointed out that the probabilistic

method used in [Mk,1984] and [Be1,1998] does not apply to thecase off C �
k g1

k=0

wheneverp � 2 + 1
� . Our approach is di�erent.

Approximation of Fr;� . As an application of Theorem 6, we obtain sharp

estimates of the quantitiesem (Fr;� ; Lp) for 2 � p � 1 , which, in turn, are used

to deduce our main result (Theorem 5). Before stating these sharp estimates, we

describe the de�nitions of Fr;� and em (Fr;� ; Lp). Let � m be a set consisting ofm

non-negative integers. Denote byT� m an algebraic polynomial representable in the

form

T� m (t) =
X

k2 � m

akC �
k (t):

For f 2 Lp, de�ne

em (f; L p) = inf
� m

inf
T� m

kf � T� m kp;

where the norms are computed with respect to the measure (1� t2)� � 1
2 dt.

Let

Fr;� (t) =
1X

k=1

(k(k + 2� )) � r
2
�( � )(k + � )

2� � +1
C(� )

k (t); � > 0:

Now the sharp estimates can be stated as follows.

Theorem 7 Supposer > 2� + 1 and 2 � p � 1 . Then

em (Fr;� ; Lp) � m� r + � +1 =2:

Organizations of Chapter 2.We �rst establish Theorem 6 in Section 2.1 . As

an application, we get Theorem 7 in Section 2.2. The main result Theorem 5 is then

proved in Section 2.3 by invoking Theorem 7. In Section 2.4 wediscuss some further

extreme problems in a general setting.

Chapter 3 mainly deals with the realizations of the K-functi onals.

Strong equivalences between the K-functionals and some well known operators are

established.

Organization of Chapter 3. In Section 3.1, we consider the Riesz means and the

Ces�aro means in a general setting, which was introduced by Ditzian [Di1]. Strong

15



equivalence between each of these operators and the corresponding K-functional is

established, which proves a conjecture raised by Ditzian [Di1, 1998]. In Section 3.2

we con�ne ourselves again to the case of the unit sphereSd� 1. This section contains

�ve subsections. Equivalences between the K-functionals and the average operators,

the Steklov type means, are established in Subsections 3.2.2 and 3.2.4 respectively.

A conjecture on the property of the norm of the derivatives ofthe average operator

raised by Ditzian and Runovskii in [Di-Ru1, 2000] is solved in Subsection 3.2.3. In

Subsection 3.2.5, we apply the technique developed in Subsections 3.2.2{3.2.3 to

obtain a strong equivalence between the K-functional and the modulus of continuity

on Sd� 1. As a consequence, the well known Jackson type inequality onSd� 1 is

deduced and its original proofs in [Ru2,1991] and [Ri-Wa,1995] are simpli�ed. In

Section 3.3, we obtain some similar results as in Section 3.2for the Jacobi expansions,

which also improve some previously known results. A strong converse inequality for

the average operator of high order and the K-functional related to the Laplacian

on Rd is obtained in Section 3.4, which proves a conjecture raisedby Ditzian and

Runovskii [Di-Ru2, 1999].

Further statements of the main results in Section 3.2.Before stating the main

results, we have to describe brie
y some notations.

For t 2 (0; � ) and f 2 L(Sd� 1), the averageB t (f ) and the Steklov type mean

A t (f ) are de�ned by

B t (f; x ) :=
1

�( t)

Z

f y2 Sd� 1 : xy � costg
f (y) d� (y); x 2 Sd� 1; (11)

and

A t (f )(x) =
1

� (t)

Z t

0

�( � )
(sin � )d� 2

B � (f; x ) d�

respectively, where �(t) and � (t) are chosen so that

B t (11; x) � A t (11; x) � 11(x):

Here 11 denotes the 1- valued constant function onSd� 1.

Given r > 0, the r -th order averageand the r -th order Steklov type meanare

de�ned by

B t;r (f )(x) =
1X

j =1

 
r
2

j

!

(� 1)j +1 B j
t (f )(x)

16



and

A t;r (f )(x) =
1X

j =1

 
r
2

j

!

(� 1)j +1 A j
t (f )(x)

respectively.

Given r > 0, let D, D r denote the Laplace-Beltrami operator, ther � th order

fractional di�erential operator respectively. Suppose that ! r (f; t )p (1 � p � 1 )

is the r -th order modulus of continuity of a function f 2 Lp(Sd� 1); which was

introduced by Rustamov [Rus1]. ( See [Wa-L] for precise de�nitions.) For a non-

negative integerN , let EN (f )p denote the best approximation of a functionf 2

Lp(Sd� 1); 1 � p � 1 , by spherical harmonics of degree� N :

EN (f )p := inf

g2

NM

k=0

H d
k

kf � gkp;

where, as before,H d
k denotes the space of spherical harmonics of degreek on Sd� 1.

For r > 0 and f 2 Lp(Sd� 1) (1 � p � 1 ), de�ne the r -th order K-functional

K r (f; t )p by

K r (f; t )p := inf
n

kf � gkp + t r kD
r
2 gkP : g 2 Lp and D

r
2 g 2 Lp

o
:

Now we state the main results as follows.

Theorem 8 Let t 2 (0; � ), r > 0 and 1 � p � 1 . Then for f 2 Lp(Sd� 1),

K r (f; t )p � k f � B t;r f kp:

Theorem 9 Let 1 � p � 1 , � 2 [0; � ], D the Laplace -Beltrami operator andB �

the average operator de�ned by (11). Then

lim
m!1

sup
� 2 [0;� ]

k� 2DB m
� k(p;p) = 0:

Theorem 10 Let t 2 (0; � ), r > 0 and 1 � p � 1 . Then for f 2 Lp(Sd� 1),

K r (f; t )p � k f � A t;r f kp:
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Theorem 11 Let t 2 (0; � ), r > 0 and 1 � p � 1 . Then for f 2 Lp(Sd� 1),

K r (f; t )p � ! r (f; t )p:

As a consequence of Theorem 11, we have

Corollary 12 ( Jackson type inequality.) Let r > 0, 1 � p � 1 and N a

non-negative integer. Then forf 2 Lp(Sd� 1),

EN (f )p � Cr;p ! r (f;
1
N

)p:

Theorems 8 and 10 are proved in Subsections 3.2.2 and 3.2.4 respectively. In

the special caser = 2, both theorems improve results in [ Di-Ru1, 2000].

Theorem 9 was conjectured by Ditzian and Runovskii [ Di-Ru1,2000] and its

proof is given in Subsection 3.2.3.

Theorem 11 and Corollary 12 are proved in Subsection 3.2.5. The Jackson type

inequality ( Corollary 12 ) is a basic inequality in the approximation theory on Sd� 1.

Many mathematicians had contributed to the establishment of this inequality. It

was Wang Kunyang and Riemenschneider [Ri-Wa, 1995] who �nally gave an correct

proof of this inequality for all r > 0 and 1� p � 1 . However, their proof was much

complicated. Our proof is simpler.

Chapter 4 concerns mainly with the strong approximation by t he

Ces�aro means of the Fourier{Laplace series. It contains two sections.

The �rst section deals with the strong approximation in theLp (1 � p � 1 )

metric. Some well known results in one variable are extended to the case of multi-

dimensional spheres. Our approach is di�erent from that of one dimensional case.

It relies on the following equivalence theorem.

Theorem 13 Suppose� > 0, 1 < p < 1 and f is a function de�ned on Sd� 1. Then

there exists a constantC(d; � ) > 0 such that for anyx 2 Sd� 1,

1
C(d; � )

1X

k=0

jE �
k(f )(x)� f (x)jp �

1X

k=0

j� �
k(f )(x)� f (x)jp � C(d; � )

� p
p � 1

� p 1X

k=0

jE �
k (f )(x)� f (x)jp;

where� �
k denotes the Ces�aro mean of order� of the Fourier-Laplace series off and

E �
k (f )(x) =

�( � + 1)�( k + 1)�( k + d � 1)

(4� )
d� 1

2 �( k + � + 1)�( k + d� 1
2 )

Z

Sd� 1
f (y)P

( d� 1
2 + �; d� 3

2 )
k (xy) d� (y); x 2 Sd� 1
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is the equiconvergent operator of order� introduced by Wang K. Y. [ Wa, 1991],

P
( d� 1

2 + �; d� 3
2 )

k (t) denotes the Jacobi polynomial.

Since the kernels of theE �
k 's are essentially the sequence of Jacobi polynomials,

which are mutually orthogonal with respect to the measure sind+2 � �
2 cosd� 2 �

2 d� on

[0; � ], Theorem 13 provides convenience for us to investigate thestrong approxima-

tion by the Ces�aro means of Fourier {Laplace series.

The next section deals with the strong approximation by the Ces�aro means

with critical index in the Hardy spacesH p(Sd� 1) ( 0 < p � 1). For 0 < p � 1,

denote by H p � H p(Sd� 1) the real Hardy space on the unit sphere. Let� �
k be the

Ces�aro mean of order� of the Fourier{Laplace series. As is well known, the special

value � (p) := d� 1
p � d

2 ( for a given p 2 (0; 1]) is the critical index for the uniform

summability of the Ces�aro means� �
k in the metric H p. Let K r (f; t )H p , E j (f; H p)

denote the r -th order K-functional of a function f 2 H p, the best approximation

of f by spherical harmonics of degree less than or equal toj , in the spaceH p,

respectively. The main result in this section can be stated as follows.

Theorem 14 Let 0 < p < 1 and � = � (p) := d� 1
p � d

2. Then for f 2 H p(Sd� 1),

NX

j =1

1
j

k� �
j (f ) � f kp

H p �
NX

j =1

1
j

E p
j (f; H p):

As a consequence, we have

Corollary 15 Suppose0 < p < 1 and � = � (p) := d� 1
p � d

2. Then for f 2 H p(Sd� 1),

1
logN

NX

k=1

k� �
k(f ) � f kp

H p

k
� CK p

1

�
f;

� 1
logN

� 1
p
�

H p
:

The proof of Theorem 14 is based on the following

Theorem 16 Let 0 < p < 1, � (p) := d� 1
p � d

2 and f 2 H p. Then

1
logN

NX

k=1

k� �
k(f )kp

H p

k
� Cpkf kp

H p : (12)
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In the case of the Riesz means for the periodic functions, Theorem 14, Corol-

lary 15 and Theorem 16 are due to [Be2,1996], [C-J-Lu, 1989] and [J-Liu-Lu,1987]

respectively. However, in the case of the multi-dimensional sphereSd� 1, as far as we

know, the best previously known result in this direction wasdue to Chen Guoliang

[Chen, 1995], who proved the validity of Theorem 16, with theH p norms in the left

hand side of (12) replaced by theLp norms.

The proof of Theorem 16 relies on a new characterization of the Hardy space

H p(Sd� 1) ( 0 < p � 1), which is in terms of the maximal Ces�aro operator and has

an independent interest. Such a characterization is established in Section 4.2.2.

We point out it appears to be di�cult to obtain Theorem 16 simply by following

the technique developed in [ J-Liu-Lu]. ( This can be seen from the proof in [Chen,

p154] and the proof of Theorem 4.10 of [CTW].)
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