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Abstract

Let ¢ ! = Ir](xl; Xg) 2 R4 X2+ +x3 = 1O be the unit sphere of
the d-dimensional Euclidean spac®? equipped with the usual rotation invariant
measured (x). The thesis concerns mainly with the following three proleims on
the approximation of functions ons® *: the asymptotic orders of the Kolmogorov
and the linear widths of some function classes @ !; the realizations of the K-
functionals ons® *; the strong approximation by the Cesaro means of the Fourie
Laplace series. It is divided into four chapters.

Chapter 1 deals mainly with the orders of the Kolmogorov widt hs
of some function classes. Two main results are obtained in this chapter. Their
proofs are based on two important inequalities, which are aidependent interest.

Statement of the rst main result. Givenr > 0, let B denote the class of

functionsf on s ! representable in the form
z

fx= _, WFROy)d ) Kk L

where % 4 24 42
(L) (k+ L2) e
Foy) = (kk+d 2) 53 Z)ng 2) (") (xy);
k=1 2

and theClide)'s are the ultraspherical polynomials. For1l p;q 1 ,letdy(Bg;L9)
denote the KolmogorowN -width of B in L9. The asymptotic orders ofdy (B; L)
ford p<qg 2andforl p=q9g 1 were found by Kamzolov [Kal]-[Ka3]
in 1982{1989. Since then very few results in this directionad been obtained. Our
result is

Theorem 1 Forr 2(d 1)?
8 '
<N @z 5*2;, 1 p 2<q 1 ;

dN(B{)iLq) o .
q1; if 2 p<qgq 1
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(The condition onr may be weakened somewhat, but at the cost of greatly incrdase
computation.)

This result extends the well known Kashin theorem on the asyptotic orders of the
Kolmogorov widths of the Sobolev classes in one variable.

Statement of the second main resultThe second result is on the orders of the
Kolmogorov widths of the function classB|, on the product spheress” ", Given a
positive integern, let &% " = g4 1 s 1 (n times) denote the product space
equipped with the usual Lebesgue measutk (z) = d (z;) d (z,). For a vector

r=(ry;  srp), let By (1 p 1 ) be the class of functions representable in the
form
z

f(zi; ;2z0)= o i (Vi sYn)Fe(zayss  5zaya)d (Y1), 3d (Ya); K kL
where

X N r d 2 k + d2 d 2

Pz 7ayn) = (g +2 )+ 2D oDy,

k220, j=1 2 2

andz;y; 241 j=1; ;n:We assume
O<r=ry= =1y <y Mn:

Forl p;q 1 , as before, denote byl (By; L% the Kolmogorov M -width of B}
in L9(s* ™). With these notations, our next result can be stated as fadvs.

Theorem 2 letl<p 2 q<1 andr> (d 1)° Then

v 1

dy(B;LY) M 1% Z JogM

In the cased = 2, Theorem 2 was due to Temlyakov [Tem, 1986].

Statements of the two important inequalities.The proofs of Theorems 1 and
2 are based on the following two types of inequalities: the ighted Marcinkiewitz-
Zygmund inequality for the spherical harmonics; the weigleid Kashin type inequal-
ity for the Kolmogorov widths of the unit Euclidean ball. These inequalities are of
independent interest.

For a non-negative integek, let ¢ denote the set consisting of the restriction
to s¢ ! of all algebraic polynomials ind variables of total degree not exceeding.
The rst type of inequality ( M-Z inequality) can be stated as follows.

11



Theorem 3 ( M-Z inequality.) There existmy = (4N + 1)(2N)? 2 points

w1t w25 wm,, ONS' T such that for anyf 2 4y
z R |
» F09d (x) = Hkﬂwwf( vk )5

where the weight$w,, g satisfy the following two conditions:

O<w, 1 w' CgNE@?,

8 . 1
Cq; if t> —:
§ ‘ d 2

1 Rn t 1
— CqlogN; if t= ——;
MN -4 o E @109 I d . 2
T CyN @271 e T
d ' d 2

Furthermore, iff 2 y and1l p 1 ,then

BT
L dTeord 00 F

N k=1

RN

WN;k Jf ( N;k )Jp a:

An incorrect proof of the M-Z inequality was presented in [Ku2000].
To state the second type of inequality, we have to introduceome necessary

notations. For a vectorw = (wy;  ;Wy), denote by ", the m-dimensional space
of vectorsx = (X1; ;Xm) With the norm
xn 1
kxKpw = iXifPwi P51 p<1; kxky o= m?xjxkj:
i=1
Let

P = fx2 0 0 kxkpw 19

be the unit ball of "7\, and dn(H},,; g\) the Kolmogorov n-widths of 4, in the
metric "7,. We say a vectorw = fw;gl; is with the Kashin type propertyif it
satis es the following two conditions simultaneously:

O<w; 1, w' Cm? i=1; ;m; (9)
1 X0
—  (w)'! Cy; foranyt ; (10)
My
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wherea and are some positive constants;; > 0 is independent oim. Let us call
the in mum over the constants C; on the right-hand side of (9) and (10) theKashin
constant of w.

Now the second type of inequality can be stated as follows.

Theorem 4 ( Weighted Kashin type inequality.) Supposew is a vector with
the Kashin type property. Thenforl n m,

. m -—— 1 m -+
(B T)  Co T T F dlog it T

where = 1% 2 (0;1) and the constantC, > 0 depends only on the Kashin constant

of w rather than on the vectorw itself.

Obviously, the well known Kashin inequality corresponds tohe limiting case
=1 of Theorem 4.

Organization of Chapter 1.In Section 1.1, we give two counterexamples, which
state that the Marcinkiewicz-Zygmund type inequality with equal weights for the
multi-dimensional sphere is generally not true, which, inurn, shows that the proof
in [Ku] is incorrect. The M-Z inequality and the weighted Kasin type inequality
are established in Sections 1.2 and 1.3 respectively. Theomrs 1 and 2 are then
proved in Sections 1.4 and 1.5 respectively by applying théasdard discretization
technique.

Chapter 2 deals with the orders of the linear widths of Bpin L9 It
contains one main result, whose proof is based on an ineqtyafor the ultraspherical
polynomials, which is of independent interest.

Statement of the main result. For a non-negative integerk, let HZ denote
the space of spherical harmonics of degr&e De ne the linear spherical harmonic
width SH(B';L9) by

SH rep ay -— i .
SHBr: L) : Tlggmfsélé[gkf T(f )kq;

where

n
Gn = T : Tis continuous, linear onL9(s? 1) and there is
0

a vector spacd. 2 L ,, for which T(LY) L ;
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and n M

Lm = H¢ : Alisa nite set of non-negative
k2A M o
integers for which dim =~ Hf m :
k2A

As is easily seen, in the special case= 2, >H(B!;L9) returns to the well
known trigonometric width of the Sobolev class on the unit ctle, for which the
asymptotic orders forall1 p q 1 are known, due to the work of Makovoz
[MKk, 1984], Maiorov [Mr2, 1986] and Belinskii [Be3, 1987]. dwever, for general
d 3, there are some essential diculties in this problem. To tle best of our
knowledge, so far very few results in this direction had beesbtained. Our main
result partly answers the problem. We state it as follows.

Theorem 5
8 r_+31
%mﬁ%; forp=1; 2 q 1 ; r> 93,
o o dd 1).

o g m 1 2; for 1 P 2, q_l’ r= 2

m (BpiLY) fL1 1 2(d 1)
gmmaz; for1 p 2 q<53% r>d 1L
T m eIt for 8L39<p 2 g1 ; r>d 1

An inequality for the ultraspherical polynomials. For > 0, let fC, gi_, be
the sequence of ultraspherical polynomials, whose precgnition can be found in
[Sz]. The following inequality plays a crucial role in the pyvof of Theorem 5.

X
Theorem 6 Suppose0 < < 1 and Ty (t) = cCy (1) is an algebraic polyno-

k=0
mial of degree not exceediny. Thenfor2 p 1 andl M N, there exists
a polynomial representable in the form

X
T (=" hC(V)
k2
with v  [0;2N]; j mj = M, such that

NN 1= N @ 2 - N. @ 20
KTn@®) T (Mk  Cp; Jmax o ¢ 90 log(1+) @5

M M KTy (t)kz;

here the norms are computed with respect to the measite t?) 2dt:
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In the case of trigonometric polynomials ( corresponding tthe limiting case

= 0 here), Theorem 6 was due to Makovoz [Mk, 1984] for 2 p < 1 and

Belinskii [Bel, 1998] forp = 1 . It should be pointed out that the probabilistic

method used in [Mk,1984] and [Be1,1998] does not apply to tkase off C, gi_,
wheneverp 2+ 1. Our approach is di erent.

Approximation of F. . As an application of Theorem 6, we obtain sharp
estimates of the quantitiese,(F.. ;LP) for2 p 1 , which, in turn, are used
to deduce our main result (Theorem 5). Before stating theséharp estimates, we
describe the de nitions of F,. and e, (F, ;LP). Let  be a set consisting om
non-negative integers. Denote by  an algebraic polynomial representable in the
form

X
T,.()= aCy (1):
K2 m

Forf 2 LP, dene
en(f; LP) =inf ;nf kf T .k

where the norms are computed with respect to the measure (1t?) 2 dt.
Let

%
Fr. (1) = (k(k+2)) 2 ) C|£ )(t); > 0

k=1
Now the sharp estimates can be stated as follows.

c ()(k+ )
2

Theorem 7 Suppose > 2 +1 and2 p 1 . Then
en(Fr. ; LP) m "™ *1=2

Organizations of Chapter 2.We rst establish Theorem 6 in Section 2.1 . As
an application, we get Theorem 7 in Section 2.2. The main rds0Theorem 5 is then
proved in Section 2.3 by invoking Theorem 7. In Section 2.4 wiscuss some further
extreme problems in a general setting.

Chapter 3 mainly deals with the realizations of the K-functi onals.
Strong equivalences between the K-functionals and some Weatown operators are
established.

Organization of Chapter 3.In Section 3.1, we consider the Riesz means and the
Cesaro means in a general setting, which was introduced byit2ian [Dil]. Strong
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equivalence between each of these operators and the coroegpng K-functional is
established, which proves a conjecture raised by Ditzian {) 1998]. In Section 3.2
we con ne ourselves again to the case of the unit sphesé 1. This section contains
ve subsections. Equivalences between the K-functional$d the average operators,
the Steklov type means, are established in Subsections 2.2nd 3.2.4 respectively.
A conjecture on the property of the norm of the derivatives ofhe average operator
raised by Ditzian and Runovskii in [Di-Rul, 2000] is solvechiSubsection 3.2.3. In
Subsection 3.2.5, we apply the technique developed in Suttgens 3.2.2{3.2.3 to
obtain a strong equivalence between the K-functional and ghmodulus of continuity
on &' 1. As a consequence, the well known Jackson type inequality ¢f ! is
deduced and its original proofs in [Ru2,1991] and [Ri-Wa,28] are simplied. In
Section 3.3, we obtain some similar results as in Section 82 the Jacobi expansions,
which also improve some previously known results. A stron@verse inequality for
the average operator of high order and the K-functional retad to the Laplacian
on RY is obtained in Section 3.4, which proves a conjecture raiséy Ditzian and
Runovskii [Di-Ru2, 1999].

Further statements of the main results in Section 3.2Before stating the main
results, we have to describe brie y some notations.

Fort2 (0; )andf 2 L(s" 1), the averageB,(f) and the Steklov type mean
A(f) are de ned by

. . — 1 Z . .
Bt(f,X) — W fy2st 1 xy Costgf (y) d (y), X 2 Sd 1’ (11)
and 7
()
Ac(f)(x) = B (f;x)d

(t) o (sin )d 2
respectively, where (t) and (t) are chosen so that

Bi(1;x) AL x) LKX):

Here 1L denotes the 1- valued constant function i 1.
Givenr > 0, the r-th order averageand the r-th order Steklov type mearare

de ned by a !

Bur (F)(x) = j ( "Bl

=1
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and I
R

Au 0= GG
respectively.

Givenr > 0, let D, D' denote the Laplace-Beltrami operator, the th order
fractional di erential operator respectively. Suppose tht ! (f;t), (1 p 1 )
is the r-th order modulus of continuity of a functionf 2 LP(s® 1); which was
introduced by Rustamov [Rusl]. ( See [Wa-L] for precise deitions.) For a non-
negative integerN, let Ey (f), denote the best approximation of a functiorf 2

LP(s® 1); 1 p 1 , by spherical harmonics of degree N:
En(f)p:= il\wnf kf gkp;

d
92 H k
k=0

where, as beforeH¢ denotes the space of spherical harmonics of degieen s¢ .
Forr> Oandf 2 LP(s® 1) (1 p 1 ), dene the r-th order K-functional
K (f;t)p by

K, (f;t)p:= inf ki gk, + t'kD?gkp : g2 LP and Dzg2 P -
Now we state the main results as follows.
Theorem 8 Lett2 (0; ),r>0andl p 1 . Thenforf 2 LP(s? ?),
Ki(f;t)p kKT Berfkp:

Theorem 9 Letl p 1 , 2][0; ], D the Laplace -Beltrami operator andB
the average operator de ned by (11). Then

lim sup k ?DB ™kpp = 0:
™ 2p0 ]

Theorem 10 Lett2 (0; ),r> Oandl p 1 . Thenforf 2 LP(s? 1),

17



Theorem 11 Lett2 (0; ),r> Oandl p 1 . Thenforf 2 LP(s? 1),
Ke(f;t)p  e(ft)e:
As a consequence of Theorem 11, we have

Corollary 12 ( Jackson type inequality.) letr> 0,1 p 1 andN a
non-negative integer. Then forf 2 LP(s? 1),

1
En(f)p  Cop! o(f: )

Theorems 8 and 10 are proved in Subsections 3.2.2 and 3.2 gpestively. In
the special case = 2, both theorems improve results in [ Di-Rul, 2000].

Theorem 9 was conjectured by Ditzian and Runovskii [ Di-Ru2000] and its
proof is given in Subsection 3.2.3.

Theorem 11 and Corollary 12 are proved in Subsection 3.2.5h& Jackson type
inequality ( Corollary 12) is a basic inequality in the appraimation theory on s¢ .
Many mathematicians had contributed to the establishment fothis inequality. It
was Wang Kunyang and Riemenschneider [Ri-Wa, 1995] who rglgave an correct
proof of this inequality forallr> Oand1 p 1 . However, their proof was much
complicated. Our proof is simpler.

Chapter 4 concerns mainly with the strong approximation by t he
Cesro means of the Fourier{Laplace series. It contains two sections.

The rst section deals with the strong approximation in theeP (1 p 1 )
metric. Some well known results in one variable are extended to theseaof multi-
dimensional spheres. Our approach is di erent from that of e dimensional case.
It relies on the following equivalence theorem.

Theorem 13 Suppose > 0, 1<p< 1 andf is a function de ned ons® 1. Then
there exists a constanC(d; ) > 0 such that for anyx 2 s 1,
1 X . X . p X .
: JE(F)(X) f(x)jP J«®)) F9P C(dy ) —— JEL(B)x) T 001"
C(d; ) =0 k=0 P 1 5
where , denotes the Cesaro mean of order of the Fourier-Laplace series of and
( +1)(k+1)(k+d 1)°
(4)7 (k+ +1)(k+ ) ¢

E (f)(X) = FyPST T T (xy)d (y); x2 83
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is the equiconvergent operator of order introduced by Wang K. Y. [ Wa, 1991],
Pk(dTlJ' ;dz_s)(t) denotes the Jacobi polynomial.

Since the kernels of thé&, 's are essentially the sequence of Jacobi polynomials,
which are mutually orthogonal with respect to the measure isi*2 5 cod 2 >d on
[0; ], Theorem 13 provides convenience for us to investigate tegong approxima-
tion by the Cesaro means of Fourier {Laplace series.

The next section deals with the strong approximation by thee€@ro means
with critical index in the Hardy spacesHP(s® 1) (0 < p 1). ForO<p 1,
denote byHP  HP(s! 1) the real Hardy space on the unit sphere. Let, be the
Cesaro mean of order of the Fourier{Laplace series. As is well known, the special
value (p) := d—pl % ( for a given p 2 (0; 1]) is the critical index for the uniform
summability of the Cesaro means |, in the metric HP. Let K, (f;t)ye, E;(f;H P)
denote ther-th order K-functional of a function f 2 HP, the best approximation
of f by spherical harmonics of degree less than or equal o in the spaceH?®,
respectively. The main result in this section can be statedsaollows.

Theorem 14 LetO<p< land = (p):= d—pl g. Then for f 2 HP(s? 1),

X1 X
J.—k i () f kP “EP(f;H P):

i=1 i=1
As a consequence, we have

Corollary 15 Suppose@d<p< land = (p):= &1 4 Thenforf 2 HP(s? %),

1 Xk (f) fKkis CKP 1 & .
logN _, k ! logN  HP’

The proof of Theorem 14 is based on the following

Theorem 16 LetO<p< 1, (p):= d—pl dandf 2 HP. Then
1 Xk (F)kbe

p .
ooN .k Cokf KD, (12)




In the case of the Riesz means for the periodic functions, Tétvem 14, Corol-
lary 15 and Theorem 16 are due to [Be2,1996], [C-J-Lu, 1989%]da[J-Liu-Lu,1987]
respectively. However, in the case of the multi-dimensiohspheres® !, as far as we
know, the best previously known result in this direction waslue to Chen Guoliang
[Chen, 1995], who proved the validity of Theorem 16, with thél P norms in the left
hand side of (12) replaced by thé.P norms.

The proof of Theorem 16 relies on a new characterization of@étHardy space
HP(s" 1) (0 <p 1), which is in terms of the maximal Cesaro operator and has
an independent interest. Such a characterization is estadthed in Section 4.2.2.

We point out it appears to be di cult to obtain Theorem 16 simply by following
the technique developed in [ J-Liu-Lu]. ( This can be seen frothe proof in [Chen,
p154] and the proof of Theorem 4.10 of [CTW].)
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